We reanalyze the results of our extensive Hartree-Fock + BCS calculation from new points of view paying attention to the properties of unstable nuclei. The calculation has been done with the Skyrme SIII force for the ground and shape isomeric states of 1029 even-even nuclei ranging 2 ≤ Z ≤ 114. We also discuss the advantages of the employed three-dimensional Cartesian-mesh representation, especially on its remarkably high precision with apparently coarse meshes when applied to atomic nuclei. In Appendices we give the coefficients of finite-point numerical differentiation and integration formulae suitable for Cartesian mesh representation and elucidate the features of each formula and the differences from a method based on the Fourier transformation. §1. Introduction Among theoretical attempts which aim at treating all the nuclides in a single framework, the simplest category seems to be the mass formula. Hence, let us focus on the nuclear masses in the first place, although the scope of this paper is not restricted to the masses. The most familiar mass formula is certainly that of Bethe and Weizsäcker, 1), 2) which expresses the nuclear masses as a function of the number of neutrons (N ) and that of protons (Z) as, E(N, Z) = a V A + a S A 2/3 + a I (N − Z) 2 A −1 + a C Z 2 A −1/3 , (1 . 1)
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where A = N + Z is the mass number. The four terms on the right-hand side of this equation are called respectively the volume, the surface, the symmetry and the Coulomb terms. These terms come from the liquid-drop picture of the atomic nucleus, in which the density distribution of nucleons is assumed to be spatially uniform inside nuclei and the uniform density value is common to all the nuclei. Incidentally, it is worth stressing that even the form of the symmetry term is completely understandable within the liquid-drop picture. It is not necessary to bring up the Fermi gap model like, e.g., in p. 5 of Ref.
3) The form of this term can be naturally derived for a liquid drop by admitting that the coefficient of the volume term should have a dependence on the ratio of the constituents. Because one knows that the volume energy becomes maximum when the proportion of protons (or neutrons) is 50%, the volume term should be modified as,
if one retains terms only up to the second order in Z/A. On the right-hand side of this equation, the first term is the original volume term and the second term is identical to the symmetry term by rewriting 1 4 a ′ V = a I . If one applies a similar consideration to the surface term one obtains a so-called surface symmetry term, a ′ I (N − Z) 2 A −4/3 . This term is sometimes added to the liquid-drop mass formula of Eq. (1 . 1) recently. Now, by changing the values of the four coefficients (a V , a S , a I and a C ), the root-mean-square (r.m.s.) error from all the experimental data of about 2,000 eveneven nuclei available at present 4), 5) can be decreased down to 3.5 MeV. Inclusion of the surface symmetry term can decrease the error further. The accuracy of 3.5 MeV is very small compared with the binding energies of heavy nuclei (∼ 1 GeV). However, the requirement for theoretical predictions of the energies of unknown nuclei is something more precise. The separation energy of a neutron, S n , decreases as the neutron number N is increased. Its changing rate can be roughly estimated to be of which the right-hand side of the first (approximate) equality is the reciprocal of the single-particle level density at the Fermi level obtained by assuming a harmonic oscillator potential with ω osc = 41A −1/3 MeV. The right-hand side of the last equality, which is the expression for nuclei on the neutron drip line, becomes as small as 100 keV for the heaviest nuclei. It means that the precision of mass predictions must be 100 keV in order to predict the location of the neutron drip line. The first step to decrease the error is to take into account the shell effect. For example, the TUYY mass formula 6) achieved an r.m.s. mass error of 538 keV. The number of fitting parameters are 6 for the gross part (corresponding to the parameters of the Bethe-Weizsäcker formula) while that for the shell part is as many as 269: There is one parameter for each value of Z in an interval 1 ≤ Z ≤ 112 and one for each value of N in 1 ≤ N ≤ 157. Generally speaking, less number of parameters are preferable for the reliability of the extrapolation to nuclei not synthesized yet. One usually switches to less phenomenological models in order to reduce the number of parameters.
What should be considered next is that the shell effect is strongly dependent on deformation. Indeed, the research group which presented the TUYY mass formula has started the development of a new method which includes the concept of deformation. 7), 8) Of course there are different directions to proceed. For example, a model based on the shell-model configuration mixing has achieved an r.m.s. error of 375 keV with 28 parameters. 9) The latest good review on the methods of theoretical predictions of nuclear masses can be found in Ref. 10) The most elaborately developed model which takes into account deformation seems to be the finite-range droplet model with a microscopic shell correction (FRDM), whose latest update was done by Möller et al. 11) Another extensive calculation was carried out by Aboussir et al. 12) in the extended Thomas-Fermi plus Strutinsky integral method (ETFSI).
These two methods can be regarded as approximations to the Hartree-Fock (HF) method. The straight-forward solutions of the HF equations including deformation require long computation time even with present computers in order to cover thousands of nuclei. We understand that the first calculation of such a large scale which have been published is our calculation 13) done in the framework of the HF+BCS method with the Skyrme SIII force. After the publication of our paper, 13) only a few similar extensive calculations have been done. Tondeur et al. have performed a set of such extensive calculations in the framework of the HF+BCS and proposed a new Skyrme force parameter set MSk7 best suited for their truncated oscillator basis. 14), 15) Another attempt have been carried out in the relativistic mean-field framework. 16) In section 2, we discuss about the Cartesian mesh representation of the wave functions, which is a feature of our calculations. Details not included in Ref. 13) are relegated to the Apppendices.
In section 3, we reanalyze the results of our extensive calculation in order to give discussions from new points of view and to compare the results with those of other models. §2.
Cartesian-Mesh Representation
The most usual method to solve the mean-field equations without assuming the spherical symmetry is to expand single-particle wave functions in terms of truncated anisotropic harmonic-oscillator basis. 17), 18) Instead, we employ a three-dimensional Cartesian-mesh representation: 19) We put a nucleus in a box containing ∼ 10 4 mesh points and express each single-particle wave function in terms of its values at the mesh points. The advantages of this representation can be summarized as follows:
(1) It has no prejudice concerning the shape of the nucleus. On the other hand, in methods based on expansions in the anisotropic oscillator basis, the shape of the solution should be similar to that of the basis in order that the truncation of the basis does not affect the solution. To fulfill this requirement, one usually solves the mean-field equation imposing constraints on the quadrupole moments such that the resulting shape agrees with the anisotropy of the basis. Then, to obtain the ground state, one has to optimize the anisotropy of the basis such that the energy of the solution is minimized. This procedure is not only cumbersome but also unmanageable in treating exotic states: For example, if the protons and the neutrons may have different shapes, the dimension of the parameter space for the optimization is squared. On the other hand, in the mesh representation, one can treat various shapes with the same mesh. Consequently, the optimization procedure is not necessary.
(2) In the mesh representation the asymptotic form of the wave function at large radius can have arbitrary form, while in the oscillator basis representation it must have a Gaussian tail and therefore loosely bound single-particle wave functions like neutron halo 20) cannot be correctly described.
(3) Among systems of many particles found in nature, the atomic nucleus is a very suitable object to apply the Cartesian-mesh representation: Inside nuclei, the density is roughly constant and therefore the local Fermi momentum is also constant everywhere. This situation favors an expansion in the plane wave basis, to which the Cartesian mesh representation can be an accurate approximation by using appropriate approximation formulae for derivatives and integrals as discussed in Appendices. Consequently, apparently coarse meshes can result in unexpectedly high precision: With mesh spacing a ∼ 1 fm, there are only a few mesh points in the surface region. Nevertheless, the relative error of the total energy and the quadrupole moment with this mesh spacing is as small as 0.5 % for heavy nuclei. The left-hand portion of Fig. 1 shows how the total energy of 170 Er changes as a function of the mesh spacing. At a=1 fm, the error is ∼7 MeV, which is indeed small (0.5%). Furthermore, as shown in the right-hand portion of the figure, the energy difference between prolate and oblate solutions is by far more precisely determined (error ∼ 0.4 MeV) with a=1 fm. Owing to this independence of the error from the shape, we have found it possible to correct the total energy by adding a simple function of only Z and N to decrease the error down to ∼0.2 MeV Fig. 1 . Left-hand portion shows the total energy of 170 Er (for the prolate minimum, the oblate minimum, and the spherical saddle point) versus mesh spacing a. The circles, triangles, and squares are the results of calculations while the curves represent functions E = c0 + c2a 2 − c6a 6 where ci are determined through least-square fittings. Right-hand portion gives the energy difference between prolate and oblate minima for five nuclei.
(4) The algorithm of the calculation is simple. This simpleness increases the reliability of computer programs based on the algorithm. It also makes the programs efficiently executable with vector-processor type computers. The programs can also be fitted to each unit of massively parallel computers because the necessary memory is not huge. §3. HF+BCS Calculations with the Skyrme Force Using the Cartesian mesh representation, we have calculated the ground and shape isomeric states of even-even nuclei with 2 ≤ Z ≤ 114 and N ranging from outside the proton drip line to beyond the experimental frontier in the neutron-rich side. We have obtained spatially localized solutions for 1029 nuclei, together with the second minima for 758 nuclei. Details not described in this paper can be found in Refs. 13), 21), 22) The Skyrme force 23), 24) is an effective interaction widely used in mean-field calculations. It is essentially a zero-range force but modified with the lowest order momentum dependences to simulate the finite-range effects, a density dependence to reproduce the saturation, and a spin-orbit coupling term. The SIII 26) is one of the many parameter sets proposed for the Skyrme force. It features good single-particle spectra and accurate N − Z dependence of the binding energy. 25) We have used a computer program named EV8. 19) In the program, one places an octant of a nucleus in a corner of a box (13 × 13 × 14 fm 3 for Z ≤ 82 and 14 × 14 × 15 fm 3 for Z > 82), imposing a symmetry with respect to reflections in x-y, y-z, and z-x planes (the point group D 2h 27) ). The mesh spacing is 1 fm as explained in the last section.
For the pairing, we employ a seniority force, whose pair-scattering matrix elements are defined as a constant G τ (τ distinguishes between proton and neutron) multiplied by a cut-off factor which is a function of the single-particle energy ǫ. The cut-off is set at ǫ = (Fermi level + 5 MeV) with smearing width of 0.5 MeV. For neutrons, the cut-off function is multiplied furthermore by θ(−ǫ). The strength G τ is determined for each nucleus such that the continuous spectrum approximation using the Thomas-Fermi single-particle level density reproduces the classical empirical formula ∆ = 12 MeV/ √ A. Since the pairing correlation has strong influences on deformations, one must not trifle the choice of the pairing force if one wants to perform deformed mean-field calculations. Our treatment is simple in the sense that it employs the seniority force but it is an advanced treatment in the sense that the force strength is determined as a function of the size of the configuration space for the pairing correlation. Fig. 2 . Dependence of the seniority pairing force strength G renormalized in such a way that the resulting pairing gap agrees with the experimental value (top portion) and the dependence of the energy gain due to the pairing correlation calculated with the strength G (bottom portion) on the cut-off energy. Single-particle levels of the Nilsson potential are used in the BCS calculation.
It is important not to include positive energy neutron orbitals in BCS calculations. Otherwise the resulting density distribution has unphysical neutron gas spreading over the normalization box. For neutron-rich nuclei in which the Fermi level is not far from zero energy, the pairing configuration space restricted to negativeenergy HF orbitals becomes too small to obtain a reliable result within the BCS scheme. Figure 2 shows the results of a test calculation to illustrate the inadequacy of too small pairing spaces for BCS calculations. The calculation is done using the single-particle spectrum of the Nilsson model, which does not include the continuum spectrum and free from the problem of the formation of the unphysical neutron gas. The strength G of the seniority pairing force is determined in such a way that, for each value of the cut-off (measured from the Fermi level), the neutron's pairing gap ∆ n calculated within the BCS scheme agrees with the experimental value of 1.45 MeV. The value of thus defined strength G is shown in the upper half portion of Fig. 2 . The bottom half portion shows the energy gain due to the pairing correlation calculated with the value of G shown in the top portion. The energy gain does not change sizeably for the cut-off energy greater than ∼ 4 MeV. For cut-offs less than that value, however, the energy gain is non-negligibly smaller than the values calculated with enough large cut-offs. 
11)
From the above consideration concerning the effect of the continuum states on the neutron's pairing correlation, it is not very meaningful to apply the HF+BCS scheme to nuclei in which the Fermi level of neutrons is higher than ∼ −4 MeV. Thus we restrict our calculation within only several neutrons beyond the experimental neutron-rich frontier. Figure 3 shows thus selected even-even nuclei. The two-proton drip line (the upper one of the solid lines) is deduced from the total energies of our HF+BCS calculation. Solution of nuclei outside the proton drip line can be obtained owing to the Coulomb barrier. The two-neutron drip lines (the lower one of the solid lines) is obtained from the Bethe-Weizsäcker type mass formula of Eq. (1 . 1) whose four coefficients are determined through a least-square fitting to the total energies from our HF+BCS calculation. One can see that roughly half of the even-even nuclei are included in our calculation.
In light-mass region, the neutron's Fermi levels of some of the calculated nuclei are higher than −4 MeV. For such nuclei, the renormalized pairing force strength becomes very large. We cut the strength at 0.6 MeV. As a consequence, our solutions for such light-mass nuclei near the neutron drip line do not have pairing correlation.
The current subject of our research is the calculation of the remaining half of the nuclear chart on the neutron rich side by developing a feasible Hartree-FockBogoliubov framework which enables one to include the effect of the Hartree-Fock continuum (states which are in the continuum part of the Hartree-Fock single-particle spectrum) on the pairing correlation. We think it preferable if the wave functions are expressed in the coordinate space with a three-dimensional Cartesian mesh in order to describe possible large surface diffuseness like thick skins and halos as well as arbitrary deformations. A method utilizing the localization of HFB canonical basis seems to be very promising. 28), 29) §4.
Analyses of the Results
In this section we reanalyze the results of our extensive HF+BCS calculations, 13) by presenting the results from new aspects. Note that all the resulting data of our calculations are available on the WEB. 13) In principle one can reproduce the figures given in this section using only the data on the WEB.
Mass
Concerning the nuclear masses, the r.m.s. error of our result turns out to be 2.2 MeV, which is not so good as those of the latest mass formulae (typically 0.5 MeV). Note that this was the first published estimation of the r.m.s. mass error of any of the Skyrme forces. It is an interesting question how much the error can be decreased by improving the parameters of the Skyrme force through an extensive fitting to currently available experimental masses. 14), 15) To achieve the precision of 100 keV, improvement of the treatment of the pairing is certainly necessary. It may also be necessary to add some new terms to the Skyrme force. Some think that corrections for correlation energies should be included.
Leaving this question which is out of the scope of this paper, let us reanalyze our result from different aspects not taken in Ref. 13) The top portion of Fig. 4 shows the errors of the calculated masses as a function of the neutron number N . The bottom portion plots the same data versus the proton number Z. Nuclei of N = Z are designated with open circles (appearing in N, Z < 40) while the others with dots.
One can see that the N = Z nuclei are always at the highest peaks of the isotope and the isotone chains to which they belong. This means that our meanfield calculation does not have the mechanism corresponding to the Wigner term of the mass formulae. It is now widely understood that the Wigner comes from the T = 0 pairing. On the other hand, in the present HF+BCS approach the pairing correlation is considered only between like nucleons, which means a T = 1 pairing. The behavior of the errors looks very systematic in region Z, N > 40 compared with in lighter-mass region. One can see from the top figure that mass difference becomes minimum (i.e., the calculated values are more bound than experimental values) always at neutron's spherical magics of N = 50, 82, and 126. The situation is less clear in the bottom figure, but at least a spherical magic of protons, Z = 50, is a minimum of the isotone chains except for the N = 82 chain. This observation suggests that the employed force has too large a stiffness against deformation.
Concerning the possibly too large surface tension of the employed force, Fig. 5 plots the errors of the calculated nuclear masses divided by A 2/3 (which is proportional to the error per unit surface area) versus B surf − 1, where B surf is the ratio of the surface area to that of the spherical shape. The increase of the surface energy due to deformation is proportional to B surf − 1. The surface area is calculated using liquid-drop shape parameters, whose definition in term of moments is given later in the next subsection. The error is negative for half of the spherical nuclei (B surf = 1), while for deformed nuclei it is roughly constant and independent of B surf (i.e., the size of deformation). The situation is also independent of whether the nucleus is light or heavy as one can see three kinds of symbols (circles, triangles, and squares) mixed up in the plot. These results do not suggest that the tendency that deformed nuclei have too large masses can be ascribed solely to the surface energy of the employed force.
Deformation
Fig . 6 shows a comparison between the experimental and the calculated intrinsic quadrupole moments. For each nucleus whose B(E2; 0 + → 2 + ) is experimentally known (289 even-even nuclei ranging over 4 ≤ Z ≤ 98), 30) a dot is marked at a point whose abscissa is equal to the experimental value and its ordinate to the theoretical value calculated in this paper. The agreement between the experiment and the theory is excellent in most cases. Only a few nuclei exhibit large discrepancies. Three such nuclei whose element names are indicated in the graph ( 176 Pt, 222 Ra, and 222 Th) are around the shape transitional point of their isotope and isotone chains. It is relatively difficult to predict the deformation of shape transitional nuclei.
It has been reported that our results have roughly the same quality as the other principal theoretical approaches concerning the reproduction of experimental quadrupole moments. 31) Let us define the deformation parameters in terms of multipole moments for the sake of comparison with the results of other models like FRDM and also for the easiness to imagine the shapes. We define the deformation parameters of a HF+BCS solution as those of a sharp-surface uniform-density liquid drop which has the same mass moments as the solution has. The mass density of the liquid drop is expressed as
where θ is the step (Heaviside) function. The necessary and sufficient conditions on a lm to fulfill the reality of R(r) and the D 2h symmetry are that l and m are even numbers and a lm = a * lm = a l−m . We set a lm = 0 for l ≥ 6 and determine the remaining seven parameters ρ 0 , R 0 , a 20 , a 22 , a 40 , a 42 , and a 44 such that the liquid drop has the same particle number, mean-square mass radius, and mass quadrupole (r 2 Y 2m ) and hexadecapole (r 4 Y 4m ) moments as the HF+BCS solution has.
By using the mass number A and the mass moments, one obtains the deformation parameters to express the shape of the mass distribution. The deformation parameters of proton (neutron) distribution can be calculated in a similar way by using proton (neutron) number Z (N ) and the moments of proton (neutron) distribution.
Let us check the adequacy of our definition of the shape parameters by comparing them with model-independent quantities.
In the left-hand portion of Fig. 7 , we show the correspondence between two quantities related to the axially symmetric quadrupole deformation. They are a 20 and δ, where the latter is defined as
The number of plotted points is 5361. Each point is for the deformation of either mass, proton, or neutron distributions of a HF+BCS solution among 1029 ground and 758 first-excited states. The solid line represents a 20 = ( 16 45 π) 1/2 δ, which is the leading-order expression for sharp-surface density distributions. This is a satisfactory result in the sense that the values of a 20 are never very distant from the widely used model independent deformation parameter δ. We have least-square fitted a polynomial through order three with the leading order coefficient frozen at the above value. The resulting polynomial is a 20 = ( In the right-hand portion of Fig. 7 , we plot the liquid-drop-model radius R 0 versus the r.m.s. radius r rms = r 2 1/2 . The diagonal solid line is R 0 = ( 5 3 ) 1/2 r rms , which is a relation expected to a spherical liquid drop. It is again a desirable result that the deviations from this line are never be very large. Owing to deformations and the surface diffuseness, R 0 is likely to be slightly smaller than ( In Fig. 8 , we compare the axial quadrupole deformation parameter a 20 between present HF+BCS calculation and the results of the FRDM. 11) A systematic difference which is most easily noticed is found around Z ∼ N ∼ 40, where the present HF+BCS calculation tends to predict smaller deformations than the FRDM. This is due to the shape coexistence prevailing in this region.
An example of the shape coexistence is given in Fig. 9 . For 80 Zr, the HF+BCS method with the SIII force (solid curve) predicts three minima which are energetically competing within 0.6 MeV. The order of the energies of these minima can be altered easily by changing the force parameter to SkM * 32) (dash curve) or by decreasing the pairing gap by 25% (dot curve).
Another systematic difference which one may notice in Fig. 8 is in a long and narrow region close to the proton drip line with 94 ≤ Z ≤ 102, where the FRDM Fig. 8 . Comparison of the calculated quadrupole deformation parameter a20 between HF+BCS with Skyrme SIII force 13) and the finite-range droplet model.
11) The open (solid) circles designate prolate (oblate) nuclei, while the diameter of the circles is proportional to the magnitude of the deformation parameter. The two-proton and two-neutron drip lines predicted by each model are also drawn. predicts oblate shapes while our calculations give small-size prolate shapes. Among our calculations for the 1029 even-even nuclei, 8 Be has the largest deformation (a 20 =0.62), which can be explained in terms of the two-alpha-cluster picture. In the bottom-left portion of Fig. 10 one finds the potential energy curve for this nucleus, which exhibits that the deep prolate minimum is the only solution (except for the extremely shallow one at an oblate shape).
For 12 C, the experimental B(E2)↑ is very large (corresponding to |a 20 |=0.59) and an oblate intrinsic deformation with a triangular three-alpha-cluster configuration has been suggested. However, the HF+BCS calculation gives a spherical ground state. In the top-right portion of the figure we show the potential energy curve, which has only one minimum at the spherical shape. Other widely-used Skyrme forces of the SkM * and the SGII 33) also give the only minimum at sphericity. On the other hand, calculations using the Nilsson model 34) and the Strutinski method 35) give oblate ground states. An old Skyrme force SII 17) also gives an oblate minimum with δ = −0.27 (the dash curve in the figure) .
Concerning 10 C and 10 Be, the experimental B(E2)↑ values indicate large deformations: |a 20 |=0.82 for 10 C and 1.1 for 10 Be. However, the potential energy curves in Fig. 10 have only the spherical minimum. The quantum fluctuation in shape may be able to account for the large B(E2)↑ since the curves are very soft toward prolate deformations.
It is difficult to conclude definitely only from Fig. 10 what deformation 12 C should bear in the HF approximation, since the optimal shapes of light nuclei are apt to be changed when effects beyond mean-field approximations are taken into account. The parity projection has been reported to be especially important 36) because the triangular three-alpha-cluster configuration violates the symmetry.
Let us briefly report on the three-alpha-cluster linear-chain state of 12 C. By extending the potential energy curve in Fig. 10 to larger δ, we have found the first excited minimum at δ ∼ 1.0, in good agreement with the result of the Nilsson model for the linear-chain state (δ=1.1). 37) The excitation energy from our calculation is 21 MeV. Though it is much larger than the experimental value of 7.654 MeV, the overestimation will be improved by the angular momentum projection. Fig. 11 . Same as in Fig. 8 , but for the hexadecapole deformation parameter a40. The grid indicates the locations of the magic numbers for spherical shapes. The results of FRDM is taken from Ref.
11)
In Fig. 11 , we compare the axially symmetric hexadecapole deformation parameter a 40 between the present HF+BCS calculation and the FRDM result. 11) A common feature between the results of the two models is that the sign of a 40 is positive in the bottom-left quarter of the major shells and negative in the top-right quarter. This behavior is perfectly understandable in terms of the density distribution of pure-j single-particle wave functions. A systematic difference between two calculations is found in Z, N < 50 where |a 40 | is very small with exception of only several nuclei in the HF+BCS while it has certain sizes in many nuclei according to the FRDM. In particular, most of the light nuclei with N, Z < 20 have conspicuously large |a 40 | in FRDM. For heavier nuclei, too, the magnitude of a 40 is generally smaller in HF+BCS than in FRDM. Further investigation is necessary to see whether these differences are originated in the different definitions of the shape parameters: In the HF+BCS they are calculated from the moments, while in the FRDM they are the input parameters to specify the shape of the single-particle potential.
One of the advantages of mean-field methods over shell-correction schemes is that the protons and the neutrons do not have to possess the same radius and deformation. Indeed, it is one of the reasons to adopt the Cartesian-mesh representation rather than the expansion in harmonic-oscillator bases. In order to make the best use of this advantage, we have calculated the liquid-drop shape parameters separately for protons and neutrons for 1029 ground and 758 first-excited solutions. 30 Ar, 36 Cr, and 28 Ar are outside the proton drip line. The absolute value of the difference is smaller than 0.05 for 98.9 % of the solutions.
The right-hand portion of Fig. 12 is similar to the left-hand portion but for a 40 To summarize, according to the results of our calculations with the Skyrme SIII force, the largest differences between the shapes of proton and neutron density distributions occur in the lightest nuclei. Except for these nuclei, the differences are not remarkably large. The middle portion of Fig. 13 shows that a 20 of the ground state of a nucleus and a 20 of the first excited state of the same nucleus have a strong negative correlation. The most frequent case is that the ground state is prolate and the first excited state is oblate. There are opposite cases, too, but the number is much less. There are also many nuclei in which either ground or the first excited states is spherical (a 20 = 0).
The right-hand portion of Fig. 13 shows that a 40 have more complicated correlation pattern between ground and the first excited states of a nucleus.
A merit of extensive calculations is that it allows one to see global trends of nuclear properties over the entire area of the nuclear chart. As another example of the analysis of such a global trend, we have investigated the systematics of the energy difference between the oblate and the prolate solutions. In the top portion of Fig. 14, the energy difference is plotted versus the neutron number. One can see an evident difference between below and above the N = 50 shell magic: For nuclei with N < 50, the oblate solutions often have lower energies than prolate ones. For nuclei with N > 50, oblate ground states are very rare and found only in nuclei whose N is slightly smaller than a magic number. In the bottom portion, the same data is plotted versus the proton number Z. One can see that the situation is exactly the same for proton's shell effect.
This abrupt change at N = 50 and Z = 50 seems to suggest that the dominance of prolate deformations in rare-earth and actinide nuclei may be related with the nature of the Mayer-Jensen major shell while the harmonic-oscillator major shell leads to an equal situation between oblate and prolate deformations. The Mayer-Jensen major shell is composed of the normal parity orbitals which have the same oscillator quantum number and a unique parity orbital which is pushed down from the next oscillator shell by the spin-orbit potential due to its large angular momentum. We have suggested 13) that one may ascribe the prolate dominance to the spin-orbit potential. Recently, we have performed Nilsson-Strutinsky calculations to answer this question. 38) The Nilsson potential contains a l 2 potential, which simulates a square-well like radial profile of the mean potential, and a spin-orbit potential. The l 2 potential can reproduce the prolate dominance without the help of the spin-orbit potential, while the spin-orbit potential alone cannot reproduce the prolate dominance. However, this does not mean the weakness of the effect of the spin-orbit potential. On the contrary, it interferes so strongly with the l 2 potential that the ratio of the number of prolate nuclei to that of oblate ones oscillates with a large amplitude, making a prolate dominance with the standard strength, reverting the situation to a oblate-favor one with half the standard strength, and again giving rise to a prolate dominance with vanishing strength.
Radius
The left-hand portion of 20 Si is for the excited state while the others are for the ground states. 22 S, 20 Si, and 8 C are outside the proton drip line. Hence the maximum difference for nuclei inside the drip lines occurs in the ground state of 16 Be. Incidentally, when we plotted the r.m.s. radii r rms instead of R 0 , we found that the resulting graph looked very similar to this figure except for a constant factor, R 0 ∼ (
Concerning the difference of radial density distribution between protons and neutrons, one should pay attention not only to volume properties represented by liquid-drop or r.m.s. radius but also to surface properties, which are sensitive to the difference at much lower densities and manifest themselves, e.g., in the thicknesses of nucleon skins and the radii of nucleon halos. The right-hand portion of Fig. 15 is an illustration to explain our definitions of these two quantities. We regard that a point is in the proton skin if ρ p > 3ρ n and ρ p + ρ n > 0.0016fm −3 , where ρ p and ρ n are respectively the proton density and the neutron density at that point. A similar definition has been proposed in Ref. 39) The halo radius is defined as the radius at which angle-averaged mass density is 1.6 × 10 −5 fm −3 . As a preparation before discussing about skins and halos, let us first look at the relation between the Fermi levels and the distance in the (N, Z) plane from the β-stability line. As illustrated in the right-hand portion of Fig. 16 , we choose to measure the distance D along a line of constant mass number. We assign a negative sign to D for nuclei with Z > N . As the definition of the β-stability line, we employ a classical empirical formula,
The left-and right-hand portions of Fig. 16 show respectively the Fermi level of the protons λ p and that of the neutrons λ n . Both ground-state and first excited solutions are plotted. The abscissa is the distance D divided by the mass number A. One can see a strong correlation in both portions. (Incidentally, the dots spread over larger area if the the abscissa is changed to DA −2/3 or DA −4/3 .) These figures suggest that one can measure the unstableness of a nucleus in two roughly equivalent ways. One may ask how high one of the Fermi levels is instead of asking how far the nucleus is located from the β-stability line in the nuclear chart. Now, by using the next two figures, we will show that the skin grows monotonously and regularly as nucleons are added to the nucleus while the halo radius grows very slowly except near the drip lines, where it changes the behavior completely and expands very rapidly. The left-hand portion of Fig. 17 shows the thickness of the proton and neutron skins in the (N, Z) plane. Note that the absolute magnitudes of this quantity depend on our specific choice of the definition of the skins but the relative differences between adjacent nuclei are rather insensitive to the definition. The increase of skin thickness along isotope and isotone chains looks monotonous. If one would fold the graph in a line N = Z, one could easily find a general rule that the proton skin of a proton rich nucleus is larger than the neutron skin of its mirror nucleus. This fact can be ascribed to the Coulomb repulsion between protons. However, since the proton drip line is closer to the N = Z line than the neutron drip line is, proton skins are much rare than neutron skins if nuclei outside the drip lines are excluded.
The top-right and the bottom-right portions of Fig. 17 present the skin thickness of protons and neutrons, respectively. The Fermi levels are used as the abscissae. These figures include the data of not only those nuclei shown in the figure in the left-hand portion but all the calculated 1029 even-even nuclei. They also include not only the ground-state solutions but also first-excited solutions for 758 nuclei. Most of the dots are on the bottom line. From the figure in the right-bottom portion, one can see a general rule that the neutron's skin (by our definition) appears for λ n > −8MeV and increases linearly with λ n at a rate of ∼ 0.3fm/MeV. This rule is rather insensitive to the mass and applies both to ground and excited states. For protons, the Fermi level should be measured from the top of the Coulomb barrier. Otherwise the dots do not cluster in a narrow area. We estimate the height of the barrier top as
where ∆R is a parameter to designate the shift of the location of the barrier top from the liquid-drop surface. We assume a constant value of ∆R for all the nuclei. Small changes of ∆R only translate uniformly the plotted dots. We choose ∆R = 1.0 fm so that the horizontal location where the dots depart form the bottom line is roughly the same as in the graph for neutrons. The resulting behavior of the skin thickness of protons is very similar to that of the neutrons. Fig. 18 . The radius of the neutron (proton) halo plotted versus the thickness of the neutron (proton) skin (in the left (right) portion). Element names are printed for nuclei with large halo radius. An asterisk symbol put to the right shoulder of the element name indicates that the state is the first excited solution of the nucleus. Fig. 18 shows "the thickness of the halo", i.e., the radius of the halo subtracted with the liquid-drop radius 1.2A −1/3 fm. The abscissa is the thickness of neutron (proton) skin for the neutron (proton) halo. One can see that halos grow only slowly for skin thickness less than 1 fm but it expands rapidly after 1 fm. This sudden change is widely understood to be ascribed to the last occupied orbital's spatial extension due to its small binding energy.
In the mesh representation, any function ψ(x) defined in this interval is expressed in terms of a set of its values at the mesh points ψ i = ψ(x i ). The equation to determine {ψ i } is usually derived as a discrete approximation to the Schrödinger equation. An alternative point of view was presented by Baye and Heenen. 40) They introduced a set of orthogonal basis functions f i (x),
The shape of the above basis function is shown in Fig. 19 . When ψ(x) can be expressed as a linear combination of {f i (x)}, ψ i is nothing but the coefficient of
owing to a property of the basis, f i (x j ) = δ ij . From this point of view, one can uniquely derive the equation to determine {ψ i } from the variational principle in a space spanned by the trial wave functions of form (A . 2) and can avoid the arbitrariness to choose a discrete approximation formula. The expression (A . 2) is equivalent to a truncated Fourier expansion with a boundary condition ψ(x + N a) = (−1) N +1 ψ(x) because one can write
This is the very reason why the Cartesian mesh representation provides high accuracy in nuclear calculations: The Cartesian mesh is associated with the Fourier or planewave basis, which is especially suitable to the atomic nucleus owing to its saturation property.
Concerning integrals, the mid-point rule is exact for the product of two wave functions,
where ψ(x) and φ(x) are functions of form (A . 2) and φ i = φ(x i ). For other integrands like ψ * (x)V (x)φ(x), the mid-point rule similar to Eq. (A . 4) is not exact any more. Nevertheless, one should yet use the mid-point formula rather than high-order formulae like Eq. (C . 2) for the sake of high precision.
On the other hand, the expressions for derivatives are not so simple. The expression of the νth derivative of the function defined by Eq. (A . 2) at a mesh point
where the matrices for ν = 1 and 2 are expressed respectively as
Since the evaluation of this expression seems to require a rather long computation time for the resulting precision, the code EV8 19) employs a finite-point approximation formula like Eq. (B . 1) to approximate Eq. (A . 5) rather than sticking to the variational picture as completely as possible. The extension to the three-dimensional case is straightforward. A wave function is expressed by its values ψ ijk at mesh points (
It is worth noting that, for polar and cylindrical coordinates, the mesh points become non-uniform in order to make the associated bases the eigenfunctions of the kinetic energy. If one takes the radial mesh points equidistantly, the spacing must be finer than that of the three-dimensional Cartesian mesh. Meshes with 1 fm spacing are too coarse for the radius grid but fine enough for three-dimensional Cartesian mesh.
Appendix B Finite-Point Formulae for Numerical Differentiation
The νth derivative of a function f (x) can be evaluated approximately by the values of the function at n mesh points as,
where n ≥ 3 is an odd number while [j] e means the maximum even number not exceeding j. The coefficients c n can be determined by approximating f (x) with the polynomial in x of degree n − 1 which coincides with f (x) at the n points.
Coefficients up to the six-point formula are given in table 25.2 of Ref. 41) We have utilized a symbolic computation software mathematica 42) to obtain the values of the coefficients of higher-order formulae, which are given in Table I .
We show in Fig. 20 the results of our calculations with which we examine the precision of the kinetic energy calculated using Eq. (B . 1). The results are for onedimensional case but can be easily applied to three-dimensional cases because the kinetic energy is divided into x, y and z components. ni for negative i can be obtained using a relation c
Sign of c is meaningless from the point of view of the Fourier expansion. In the numerical calculation, the second derivative of sin kx is approximated by that of the (2n + 1)-point Lagrange polynomial, which has degree n and coincides with sin kx at x, x ± a, · · · , x ± na. The number of points is chosen as n = 3, 5, · · · , 25. The integral, too, is evaluated numerically but with much higher precision than that of the numerical differentiation. Hence the plotted quantity is the error of numerical differentiation, not that of integration. From this result one can see that the value of kinetic energy is always underestimated and the error becomes smaller by employing higher-order formulae.
The middle portion of Fig. 20 is the same as the left-hand portion except that the ordinate is the relative error |(ratio) − 1| in logarithmic scale. One can read off from the figure, for example, that the relative error of the kinetic energy at k = 1.4 fm −1 is 3.0 × 10 −3 for the 9-point formula of the second derivative. The 9-point formula is used in the calculations presented in this paper. This error roughly accounts for the error of the total energy of 240 Pu, which is 0.5%. One can conclude that the main source of the error of the total energy is the kinetic energy.
In the right-hand portion of Fig. 20 , the error of numerically evaluated values of the second derivative of a function e −x 2 /2 at x = 1 2 is shown as a function of the mesh spacing a (called ∆x in the figure) . The numerical evaluation means the usage of the (2n + 1)-point Lagrange polynomial which coincides with the function e −x 2 /2 at x = 1 2 , 1 2 ± a, · · · , 1 2 ± na. The solid curve labeled as "Fourier" indicates the error of the Fourier interpolation, which coincides with the original function e −x 2 /2 at infinite number of discrete points of x = 1 2 + na (n = 0, ±1, ±2, · · · ). For plane waves with k < π/a, the Fourier interpolation gives the exact value. For functions involving higher wave-number components, as the present Gaussian function, the Fourier method does not result in the exact value. Nevertheless, as one can see from the figure, it is still much more precise than polynomial-based formulae.
In order to evaluate the derivative values at points within 1 2 (n − 1)a from the boundaries, one needs the values of the function beyond the boundaries. In order to obtain them one has to assume either vanishing (reflection antisymmetric) or periodic boundary conditions. A much easier method is to assume the function to be zero beyond the boundaries. However it is justified only when the function is well-damped before reaching the boundaries. Otherwise it produces a discontinuity of derivative values at the boundaries and invalidate the n-point formulae for n ≥ 3. Usage of a cavity whose shape is not a box (rectangular parallelepiped) can be justified only for functions well-localized around the center of the cavity.
Appendix C Finite-Point Formulae for Numerical Integration
The integral of a function f (x) over an interval 0 ≤ x ≤ L can be evaluated by the values of the function at n + 1 mesh points, x i = ai (0 ≤ i ≤ n, a = L/n), by approximating the function with a polynomial in x of degree n coinciding with f (x) at the mesh points. Such formulae are called (n + 1)-point Newton-Cotes closed type integration formula and are expressed as
We have calculated the values of the coefficients α ni and β n in a similar method as we calculated those of the differentiation formulae. The results are given in Table II for some odd values of n + 1. Two-, three-, and four-point formulae are called respectively the trapezoidal rule, Simpson's Table II only 2-and odd-point formulae. The coefficients of 4-to 11-point formulae agree with Eqs. 25.4.13 -20 of Ref. 41) There is no difficulty to obtain the coefficients of formulae which involve more number of points. It should be kept in mind, however, that formulae for n + 1 ≥= 9 (n + 1 = 10 is an exception) include negative coefficients, which cause a loss of numerical precision due to cancellations between the contributions of negative and positive coefficient points. This problem becomes more serious for larger n.
In order to apply the (n + 1)-point formula to a long interval, one divides the interval into m segments and applies the (n+1)-point formula to each of the segments, i.e.,
(C . 2) Note that points x = jna (1 ≤ j ≤ m − 1) appear twice in the double summation. The reason for δ ′ = δ − 1 is that the error of the integral over the interval length L = mna is m = L/na ∝ a −1 times as large as the error on the right-hand side on Eq. (C . 1).
We have calculated the precision of these formulae as a function of the mesh spacing a for three types of integrals,
as examples of three different boundary situations at x = 2π. The obtained (absolute value of the) relative errors of the integrals are shown in logarithmic scale versus the mesh spacing a (= ∆x) in Fig. 21 . The calculations are defined only for discrete points at a = 2π/mn. The lines drawn in the figure connect such discrete points.
In the left-hand portion of Fig. 21 , the error of the n-point formula behaves as expected from Eq. (C . 2) for every value of n. More-point formulae give quicker decreases of the error as the mesh spacing decreases. The noise-like error of magnitude 10 −13 to 10 −15 originates in the round off of real numbers into double precision (16-digit) floating numbers.
However, this is not the only situation. We now show that the convergence to the exact value is much faster for some kind of integrands and, what is more interesting is, that such fast convergences become more outstanding by using low-order few-point formulae than high-order many-point ones.
The right-hand portion of Fig. 21 shows the results for a different integrand e −x 2 . In this case, one can see that fewer-point formulae give more accurate results than more-point formulae. The convergences are generally much faster than those in the left-hand portion of the figure.
The origin of this unexpected situation apparently in contradiction with Eq. (C . 2) is the approximate periodicity of the integrand. The function e −x 2 in an interval [0, 2π] can be regarded as a half wave length portion of a periodic function, which is constructed using this portion of the function by repeating reflections at the boundaries x = 0 and 2π. At x = 0 the function is reflection symmetric originally. For x > 2π the function is redefined by a reflection symmetry requirement f (2π + x) = f (2π − x). This reflection makes practically no discontinuities at x = 2π (or between x = ±2π because the period is 4π) because e −x 2 and its derivatives (of not extremely high order; the graph includes up to 11-point formula and thus only up to 11th derivative concerns) are close to zero at x = 2π.
The integral over [0, 2π] is a half of the integral of thus constructed smooth periodic function over the wave length 4π. It is known that the best numerical formula for integrals of periodic functions over a wave length is the mid-point rule. The reason is often explained in terms of an asymptotic expansion. A more quantitatively accurate explanation can be given in terms of Fourier expansions, as explained in Appendix A.
Periodic functions composed of wave numbers less than π/a can be exactly integrated with the mid-point rule. The function e −x 2 is an approximately periodic function and its large-wave-number components are non-zero but very small. Therefore the mid-point rule is the most precise formula for this integrand. The 2-point formula is the same as the mid-point rule in the present situation The (n + 1)-point formulae can be regarded as a summation of n similar results of 2-point formula with mesh spacing of na. The curve of the error of the 3-point formula resembles to that of the 2-point formula except it is shifted leftward by a factor (2 − 1)/(3 − 1) = 1 2 . Similarly, the horizontal distance between the curves for 3-and 5-point formulae is also calculated as (3 − 1)/(5 − 1) = 1 2 . We have searched for an integrand which gives rise to an intermediate situation between the left-hand and the right-hand portions of Fig. 21 . A function which serves for this aim is 1 − (x/2π) 2 / 1 + x 2 . The middle portion of Fig. 21 shows the error of the integral for this integrand. One can see that the situation is like that of the left-hand (right-hand) portion of the figure for small (large) a (= ∆x). The most precise formula changes with the mesh spacing: It is the 2-point formula for a > 0.3, the 3-point formula for 0.08 < a < 0.3, and the 5-point formula for a < 0.08.
This change can be understood as follows. With large a, the precision is so low that the discontinuity at x = 2π looks too small to invalidate the approximation of the periodicity. Consequently, the error behaves like a parabola as in the right-hand portion of the figure. With small a, the precision is so high that the discontinuity looks large enough to violate the periodicity. Thus the error behaves linearly as in the left-hand portion of the figure.
In the nuclear mean-field calculations, the integrands are not exactly periodic. However, the situation resembles that of the right-hand portion of Fig. 21 for nuclei whose Fermi levels are not very shallow, because the wave functions are well damped before reaching to the boundaries. This is why we employ the mid-point rule in our calculations.
There are also modified types of Newton-Cotes formulae, in which the coefficients are different from 1 only near the boundaries: We temporarily call the above equations the boundary-correction type formulae in this paper. We have calculated the values of the coefficients α ′ N ni and β ′ n in a similar manner as we treated Eq. (C . 1). Table III gives the values of the coefficients. For (n+1)-point formula, the coefficients are different from one only for n+1 points near each ends of the integration interval. Only in the 2-point formula, which is identical to the extended trapezoidal rule, the end points alone have a non-unit coefficient. We give both 2k-point and (2k−1)-point formulae in the table. Although their errors are of the same order in a, the former seems slightly more precise than the latter in some test calculations. We have found only the 3-point formula in literature. It is Eq. (4.1.14) of Ref. 43) Although the formulae are identical, the derivation is quite different.
Boundary-correction type formulae will be useful to treat deeply bound, weakly bound, and positive-energy orbitals in a single framework. With the formulae, the deeply bound orbitals are treated with the high precision of the mid-point rule for 
